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HUDSON A. WOOD. 


BY F. P. MATZ, SC. D., PH. D., PROFESSOR OF MATHEMATICS AND ASTRONOMY IN 
IRVING COLLEGE, MECHANICSBURG, PENNSYLVANIA. 


\\ 4 UDSON A. WOOD, now Professor of Mathematics in the Stevens School, 
Hoboken, New Jersey, was born near Smyrna, New York, May 10, 1841. 
He is the middle one of a family of nine children ; his brother, Professor 
DeVolson Wood, whose biography appeared in the September-October (1895) 
number of the Monru_y, is the eldest. He was brought up on the farm, and 
early knew what hard work meant. He attributes his robust constitution to the 
vigorous exercise of his younger days. In the district school near his home, 
which he attended during the winter months, he acquired his early education. 
He evinced an unspeakable desire for study ; and many a time, aftera day’s hard 
work, did he drop to sleep while poring over some book. At the age of fifteen, 
he spent his first winter away at school. When seventeen, he taught the district 
school adjoining his home ; and, at the same time, he was initiated into the mys- 
teries and pleasantries of boarding around. At the age of twenty he had taught 
a district school, a village school, and had completed the studies prescribed for 
the Freshman Class in Madison (now Colgate) University, at Hamilton, New 
York. 

The year 1861, when Mr. Wood was twenty years of age, marks the begin- 
ning of the Civil War. A Company was raised at Hamilton, composed in part of 
students of the University. In this Company, afterward one of the Companies 
of the 61st Regiment of New York Volunteers, Mr. Wood enlisted. He was in 
the service nearly two years, and was engaged in six battles. His regiment took 
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an active part in ‘‘The Seven-Days Battles’? around Richmond, and sustained 
heavy losses. In the battle of Frazer’s Farm, Mr. Wood had a ball shot through 
his coat, another through his haversack, and also received two slight flesh-wounds. 
More than one-half of the regiment fell in this desperate encounter at night-fall. 
He assisted in saving the colors of the regiment, for which he was pfomoted. 
At the battle of Fair Oaks, Mr. Wood stood within a few feet of General O. O. 
Howard, when the latter was wounded in the arm which afterward had to be am- 
putated. In the battle of Malvern Hill, the regiment was hotly engaged for sev- 
eral hours ; but owing to its protected position, the loss sustained by the regiment 
was not very severe. Soon after the battle of Malvern Hill, Mr. Wood was 
severely injured while working on the fortifications, and after lying in the hos- 
pital for over six months, and not recovering, he was discharged from the army. 

Seven months after his return from the war, Mr. Wood entered the Liter- 
ary Department of Michigan University. At the commencement exercises of the 
University, three years after his matriculation, he was among those chosen to 
deliver orations. Of Mr. Wood’s oration, the Detroit Tribune spoke as follows : 
‘*His oration was one of the best of the day, both as to literary and elocutionary 
merit. Some portions were of unusual beauty, and the delivery was emphatic 
and impressive.”’ 

During his collegiate years, he spent the major portion of his time at Latin 
and Greek, as he found a thorough knowledge of these languages very difficult to 
acquire. For him, Mathematics always was ‘‘an easy study’’—a delightful 
study ; and for the Natural Sciences, he had (and still has) a peculiar fondness. 
On graduation he received the Degree of Bachelor of Arts (A. B.), in 1866 ; subse- 
quently, the Degree of Master of Arts (A. M.) ; and last June, from New Windsor 
College, the Degree of Doctor of Philosophy (Ph. D.) 

Mr. Wood was married to Miss Mary Hicks, near Rochester, New York, 
September 2, 1868 ; and he has two sons, 18 and 20 years of age, who are attend- 
ing the Stevens Institute of Technology; 

After graduation, Professor Wood was the Principal of an Academy near 
Philadelphia, Pa., for eight years, when he accepted the position of Vice Princi- 
pal and Professor of Higher Mathematics and Astronomy in the Keystone State 
Normal School of Pennsylvania. During his connection with this School, Profes- 
sor Wood edited the Scientific Department, and subsequently the Mathematical 
Department, in the NationaL Epucator. 

Among his pupils at this Institution, there was a rather slender, fair-faced, 
and affable Pennsylvania-German youth who had taken his Degree in the Peda- 
gogical Course, during June of the same year in which Professor Wood, in August, 
entered upon his duties as Vice-Principal and Professor of Mathematics and As- 
tronomy. This youth had returned to his Alma Mater, in order to take 
his Degree in the Scientific Course, two years later. He was the only student in 
the Scientific Course. Being an industrious student with a mathematico-scientific 
bent of mind, this youth soon had gained the friendship of Professor Wood. 
Like father and son, the professor and the youth enthusiastically studied the 
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mathematical works of Loomis, Olney, Quinby, Courtenay, Bartlett, Todhunter— 
and even selections from the astronomical works of Chauvenet and Watson, for two 
long but profitable years. At the expiration of the second year, Professor Wood 
had the good fortune to see his youthful pupil (F. P. Matz) passed by the State 
Board of Examiners, and graduated, with “‘the highest distinction.”’ 

Afterwards Professor Wood held (for six years) a position in an educa- 
tional institution in New York City, and subsequently was for three years the 
professor of Mathematics in the Case School of Applied Science, Cleveland, Ohio. 
From this last-named School, he was called to his present position, in 1888. 

Dr. Wood is fond of Mathematics ; and during the last twenty years, he 
has contributed articles and solutions of problems to many periodicals. Of late 
years, he has confined his attention more particularly to the works he is prepar- 
ing for publication. His work, Short Cuts and Curiosities in Mathematics, is now 
passing through the ‘press ; and before the expiration of the current year, the 
American Book Company will have published his Treatise on Plane and Spheri- 
cal Trigonometry. His Perpetual Calendar, good for ten centuries, has been pro- 
nounced the most unique calendar ever published. His article on Method 
of Finding the Date of Easter, has been highly commended: His New Method of 
Extracting the Cube Root, recently printed in the Stevens Inpicator, has been 
copied by numerous periodicals. 

Dr. Wood has not confined his attention exclusively to Mathematics. He 
is well versed in the classics, well read in history, and an adept in geology. He 
is, also, an interesting speaker, and has delivered many public lectures illustrated 
with the stereopticon. His illustrated lectures on the Civil War are especially 
interesting. 

As a teacher, Dr. Wood is earnest, untiring in his efforts, and patient to 
render assistance to those who acquire knowledge slowly. He is naturally 
a leader, and inspires his pupils with his own enthusiasm. He is the personifi- 
cation of kindness ; but when he has to drive, he drives with an energy that is 
speedily satisfactory to those driven. 

When Professor Wood left Cleveland, Ohio, in 1888, the following is an 
extract of what appeared in one of the large dailies of that city: ‘‘Professor H. 
A. Wood has become so well known in this city, and so highly esteemed by all 
who know him, that his contemplated change of residence will be felt as a great 
loss. He has made himself felt in the community as one always ready to 
do good. He has ever been formost in Sunday School work, mission enterprises, 
in church and social life, and in temperance and other reforms.” 
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NON-EUCLIDEAN GEOMETRY: HISTORICAL AND 
EXPOSITORY. 


By GEORGE BRUCE HALSTED, A. M., (Princeton); Ph. D., (Johns Hopkins); Member of the London Mathemat- 
ical Society; and Professor of Mathematics in the University of Texas, Austin, Texas. 


(Continued from November Number. ] 


Scuoxron III, in which is weighed the attempt of the Arab Nassaradin, and like- 
wise the idea of the illustrious John Wallis upon the same affair. 

This endeavor of the Arab Nassaradin the already eulogised John Wallis 
has published in the Latin language with remarks added in opportune place. 

However Nassaradin requires two things to be conceded to him in this 
affair. 

The first is; that any two straight lines lying in the same plane, upon 
which ever-so-many other straight lines so strike, that they are always perpen- 
dicular to one indeed of these, but always cut the other at unequal angles, truly 
toward one part always under an acute angle, and toward the other always under 
an obtuse angle; that, I say, the above mentioned lines be supposed always more 
(as long as they do not mutually cut) to approach each other toward the side of 
those acute angles; and on the other hand always more to recede from one 
another toward the parts of the obtuse angles. 

But I indeed, if nothing else impedes Nassaradin, willingly permit what 
he postulates ; since just that, which with him remains undemonstrated can be 
recognized as most rigorously demonstrated by me in Cor. II. after P. III. 

The other postulate of Nassaradin is the reciprocal of the first ; that indeed 
the angle may always be acute toward those parts where the just mentioned per- 
pendiculars are supposed to become always shorter ; but obtuse toward the other 
parts where these perpendiculars are supposed to go out always longer. But 
here lurks an ambiguity. 

For why (while from any one perpendicular prescribed as the first we pro- 
ceed to the others) may not the angles of the consequent perpendiculars, on the 
same side acute, not become even greater, even to where one strikes upon a right 
angle, consequently upon such a perdendicular as is itself the common perpen- 
dicular to each of the aforesaid straights? And if indeed that happens, evanishes 
this subtle preparation of Nassaradin, by means of which ingeniously indeed, but 
with great labor he demonstrates the Euclidean postulate. 

And yet if Nassaradin with a certain justice may determine to presume as 
if known ‘per se’ that persistence of acute angles on the same side: why can not 
also (I speak with Wallis). be assumed as if clear ‘per se’: Two straights in the 
same plane converging (upon which of course an other straight striking makes to- 
ward the same parts two angles less than two right angles, as suppose one right, 
and the other in whatever way acute) finally meet, if produced ? 

Nor in fact can it be objected, that this greater convergence toward one 
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side can always subsist within a certain determinate limit, so that indeed a 
certain so much of distance always intervenes between these lines on this side, 
even if still one approaches always more nearly to the other. 

That cannot, I say, be objected ; since from this itself I will demonstrate, 
after P. XXV., the meeting at a finite distance ofall such straights, in accordance 
with the Euclidean postulate. 

Now I go over to the aforesaid John Wallis, who, as made a custom with 
so many great men, ancient as well as recent, and on the other hand from the 
obligation imposed on his Oxford professional chair, determined to undertake 
this same duty of demonstrating the oft mentioned postulate. 

Now solely he assumes as if certain, what follows: namely that to any 
given figure another similar of any magnitude is possible. 

And that this indeed may be presumed of any figure (although in his af- 
fair he assumes solely a rectilineal triangle) is well argued from the circle, which 
of course all admit can be described with any sized radius. 

Further the acute man observes most cautiously it does not thwart this 
his presumption, that besides the equality of corresponding angles also the pro- 
portionality of all corresponding sides is required, in order that a rectilineal fig- 
ure, for example a triangle, may be similar to another rectilineal triangle ; though 
still the definition of proportion, and forthwith of.similar figures are to be taken 
from the fifth, and the sixth book of Euclid: For (says he himself) Euclid could 
have put each in front of book first. 

Hereafter, this standing (which nevertheless can be denied by ‘any one, 
unless it is demonstrated) the famous man carries out his intent with really beau- 
tiful and ingenious effort. 

But I am unwilling to fail in anything to the charge undertaken by me. 

Therefore I assume two triangles, one ABC, and the 
other DEF (fig. 24) mutually equiangular. I do not say 
wholly similar ; because I do not need the proportionality 
of the sides about the equal angles, nay nor any determin- 
ate measure of the sides themselves. Merely therefore I do 
not wish triangles mutually equilateral, since then the 
eighth of book first would alone suffice, without any 
assumption. Fig. 24. 

So let the angles at the points A, B, C, be equal to 
the angles at the points D, E, F ; and let the side DE be less than the side AB; 
and in AB is assumed the portion AG equal to this DE, and likewise in AC the 
portion AH equal to this DF. But that DF must be less than AC I will make 
clear below. Then (GH joined) follows (from Eu. I. 4) the angles at the points 
E, and F will be equal to AGH, AHG. However since the just mentioned 
angles, together with the others BGH, CHG, are equal (Eu. I. 13) to four right 
angles ; likewise will be equal to four right angles the angles at the points B, and 
C, together with these same angles BGH, CHG. Therefore the four angles of 
the quadrilateral BGHC will be together equal to four right angles; and conse- 
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quently (from P. XVI.) is established the hypothesis of right angle; and at the 
same time (from P. XIII.) the Euclidean postulate. 

Moreover I have supposed the side DF, or AH assumed equal to it, to be 
less than the side AC. For if it were equal, and so the point H should fall up- 
on the point C, then the angle BCA would be equal (by hypothesis) to the angle 
EFD, or GCA (which then it would become) a part to the whole’; which 
is absurd. 

But if it were greater, and so the join GH should cut BC itself in some 
point, now the external angle ACB would be from the hypothesis equal (against 
Eu. I. 16) to the internal and opposite angle (which then would become) AHG, 
or GHA. 

Therefore I have rightly supposed the side DF of one triangle to be less 
than the side AC of the other triangle, in accordance with the hypothesis 
now established. 

Wherefore from any two triangles mutually equiangular, but not also 
mutually equilateral, the Euclidean postulate is established. 


Quod intendebatur. 
(To be Continued. ] 


HISTORICAL SURVEY OF THE ATTEMPTS AT THE COMPU- 
TATION AND CONSTRUCTION OF z. 


By DAVID EUGENE SMITH, Ph. D., Professor of Mathematics in the Michigan State Normal School, Ypsilanti, 
Michigan. 


(Note. The following article is translated (by permission) from Professor Klein’s recent work, Vortracge 


' weber ausgewaehlte Fragen der Elementargeometrie, ausgearbeitet von F. Taegert, Leipzig, Teubner, 1895. The 


work can not be too highly commended to teachers, since it is one of those exceedingly rare treatises in 
which a master of modern mathematics has treated elementary subjects from his high point of view. 
Michigan State Normal School, December, 1895.] 


Later in this work it will be proved that the number z belongs to that 
class of numbers known as transcendent, whose existence was shown in the pre- 
ceding chapter. This fact was first proved by Lindemann in 1882, and a prob- 
lem was thereupon settled which, so far as our information extends, has occupied 
the attention of mathematicians for 4000 years, namely, that of the quadrature of 
the circle. 

It is evident that if the number 7 is not algebraic it cannot be constructed 
by means of the compasses and ruler. Hence the quadrature of the circle is, in 
the sense understood by the ancients, impossible. It is of greatest interest 
to follow the fortunes of this problem in the various epochs of Science, as ever 
new attempts were made to find a solution by means of the ruler and the 
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compasses, and to see how these necessarily fruitless attempts nevertheless 
worked for advancement in the manifold realm of mathematics. 

The following brief historical survey is based upon Rudio’s excellent treat- 
ise, Archimedes, Huygens, Lambert, Legendre ; Vier Albandlungen weber die Kreis- 
messung, Leipzig, 1892. In this work are given in German translation the con- 
tributions of the writers named. Even though the presentation of the matter is 
remote from the more modern methods here discussed,* nevertheless it includes 
many very interesting details which are of especial value in elementary teaching. 

1. Among the attempts to determine the ratio of the diameter to the cir- 
cumference we may first distinguish the empirical stage in which it was sought 
to attain the desired end through measuring or estimating. The oldest known 
mathematical work, the Rhind Papyrus (c. 2000 B. C.) contains the problem in 
the well-known form, to transform a circle into a square of equal area. The 
writer of the papyrus, Ahmes, lays down the following rule: Cut off } of 
a diameter and construct a square on the remainder; this has the same area as 
the circle. The value of z thus obtained is (1°)? =3.16...... , not very inexact. 
Still farther from the correct value is that of 7=3 which is found in the Bible. 
(I Kings, 7: 23, and II Chron. 4: 2.) 

2. The Greeks raised themselves above this impirical standpoint, and es- 
pecially Archimedes, who in his work KuxAov pérpyois computes the area of 
the circle by the help of inscribed and circumscribed polygons, as is still done in 
the schools. His method remained in use until the invention of the differential 
calculus, and was extended and made practically usable especially by Huygens 
({1654) in his work De circuli magnitudine inventa. 

As in the case of the duplication of the cube and the trisection of an angle 
the Greeks then sought to attain the quadrature of the circle by the help 
of higher curves. 

We may, for example, consider the curve, y=arc sin x [usually written in 
English y=sin“z; the Continental form will be followed in this translation] 
which represents the curve of sines placed vertically. Geometrically, 7 appears 
as a special ordinate of this ‘curve, analytically as a special value of our tran- 
scendent function. Apparatus which describes transcendent curves’ we will call 
transcendent apparatus. A piece of transcendent apparatus which draws the 
curve of sines gives us a real construction for z. The curve y=arc sin x we des- 
ignate now-a-days as an integral curve, because it can be defined by means of the 


‘integral of an algebraic function : S/S -—. The ancients called such acurve 


a Quadratrix or rerpaywvigovoa, The best ee of these is the Quadratrix of 
Dinostratus (c. 350 B. C.) which, however, had been already constructed by Hip- 
pias of Elis (c. 420 B. C.) for the trisection of an angle. It may be geometrically 
defined as follows: On the line OB and the arc AB two points, M and L, move 


*In a note to the translator Professor Klein says: ‘This remark concerning Rudio’s work is not happily 
expressed. The meaning is not that modern researches, so far as then carried, are not given in the work, but 
they are not deduced.” 
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with uniform velocity. They start at the same time from O and A, respectively, 

and they reach B at the same time. If OZ is drawn, and through M the paral- 

lel to OA which meets OL at P, then P is a point of the Quadratrix. From this 

definition it follows that y and @ are proportional. Further, since for 
y 


y=1, b=) we have I= y, and from #=arc tan-? the equation of the curve 


Y tan y. The point in which the line cuts the z-axis will be found 


from 
tan zy 


becomes- 


if y becomes 0. Since for small values the tangent equals its 


argument, it follows that a Hence the radius of the circle is the mean 


proportional between the quadrant of the circle and the abscissa of the point of 
intersection of the Quadratrix with the z-axis. The Quadratrix can, therefore, 
be used in the rectification problem, and hence for the quadrature of the circle. 
Fundamentally, however, the curve is only a geometric formulation of the recti- 
fication problem, that is so long as no apparatus is given by which it can be de- 
scribed by a continuous line. 

3. The rise of modern analysis occurs in the period from 1670 to 1770, a 
period characterized by the names of Leibniz, Newton, and Euler. In the midst 
of so many great discoveries following closely on one another, it is natural that 
strict criticism took a somewhat backward step. Among these discoveries is one 
of especial concern to us, the development of the theory of series. Especially 
for 7 were a great number of approximations brought forward, of which we may 
mention only the so-called Leibniz series (which, however, was known before 


Leibniz): = =1—}+4-—}+...... Furthermore this period brings the discov- 


ery of the connection between e and z. The number e and the natural logar- 

ithms and with them the exponential function are first found in embryo in the 

works of Napier (1614). This number seemed at first to have no relation to the 

circular functions and to the number 7, until Euler had the courage to attack the 

problem by means of imaginary exponents. In this way he reached the cele- 

brated formula e‘*=cos sin x, which for becomes e*=—1, This form- 

ula is without doubt one of the most notable of all mathematics. With it are 

connected the modern proofs of the transcendence of 7 since they first show the 
transcendence of e. 

4, After 1770 criticism again took the upper hand. In 1/70 appeared 
Lambert’s work, Vorliéufige Kentnisse fiir die, so die Quadratur des Cirkuls suchen. 
He treated there and elsewhere the irrationality of 7. In 1794 Legendre showed 
conclusively in his Eléments de Géométrie that 7 and 7? are irrational numbers. 

5. But it was not until a hundred years later than this that modern re- 
search began. The starting point of this research is the work of Hermite, Sur la 
fonction exponentielle (Compt. Rend, 1873, published separately in 1874). In this 
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is proved the transcendence of e. Closely following Hermite came the same proof 
for x by Lindemann in a dissertation Ueber die Zahl x (Math. Ann. 20, 1882. 
See also the proceedings of the Berlin and Paris academies). With this the mat- 
ter was now for the first time settled, nevertheless the treatment given by Hermite 
and Lindemann is very complicated. . 

The first simplification was given by Weierstrass in the Berliner Berichte 
in 1885. The above mentioned works Bachman embodied in his text-book, Vor- 
lesungen ueber die Natur der Irrationalzahlen, 1892. 

The spring of 1893 brought, however, new and very important simplifica- 
tions. In the first rank should be named the developments of Hilbert in the 
Gottinger Nachrichten. Hilbert’s proof is not wholly elementary; it contains 
still a remnant of Hermite’s course of reasoning in the integral 


f 2Pe-*dz=p!, 
0 


But Herwitz and Gordan soon after showed that this transcendental part might 
be eliminated. (Géttinger Nachrichten and Comptes Rendus respectively ; all 
three dissertations are reproduced in the Math. Annalen, Bd. 43, either literally 
or somewhat extended) So the matter has now become so elementary that it is 
generally available. 


INTRODUCTION TO SUBSTITUTION GROUPS. 


By G. A. MILLER, Ph. D., Leipzig, Germany. 


(Continued from November Number. ] 


THE CoNsTRUCTION OF NoN-PRIMITIVE GROUPS witH Two Systems oF Non- 
PRIMITIVITY. 


Let the degree of the required non-primitive group be 2n, and consider 
the (n/)*® substitutions 


dy )all(b,b,...... by jall a,b, 


and also the group of order 2(n/)? 


The latter is clearly a non-primitive group of degree 2n and the former are 
the substitutions of this group which interchange the systems. It is easily seen 


< 
(@,dg.....- )all(b, bg...... bn nbn). 
UI 
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that G, can have no larger value than it has in the above non-primitive group, 
and that every G, for other non-primitive groups may be regarded as a subgroup 
of this G,. From this it follows that the first set of substitutions includes all 
the substitutions which can be used with any G, to form a non-primitive group, 
for if there were such a substitution s, which is not in the first set then 
we would obtain more than (n/)* different substitutions which transform 


Ce by )all 


into itself without interchanging the systems by multiplying one substitution of 
this set into the entire set increased by s,. Hence all the substitutions which 
can be used to interchange the systems are found in the first set. In a similar 
way we can show that the number of the snbstitutions which interchange the sys- 
tems must always be equal to the order of G,. Hence if in any non-primitive 
group we represent the substitution which interchanfe the systems by G, and 
the non-primitive group by G we have 


G= G, + G, 
where G, and G, contain the same number of substitutions and G is a subgroup of 
jall(a,b,.a,b,..... dp ). 


Suppose any G, constructed by combining a transitive* subgroup of 
)all with a conjugate subgroup of (b,b,...... by )all and suppose sy 
to have the following properties : 

(1) its square is found in G,; 

(2) it transforms G, into itself ; 

(3) it interchanges the systems of G,. 

Then will all of the substitutions 


G, 


*We shall henceforth assume that the systems of non-primitivity are the transitive constituents of G,. 
We proved above that this can always be done but we did not prove that it is possible to regard intransitive 
constituents of G, as systems. That this may be done is proved by the following instance in which 


G,=(ab.cd.ef.gh.tj.k0) 


and the systems are either a,b; c,d; e,f; g,h; i,j; and k,l or a,b,c,d; e,f,9,h; i,j,k,l. Letting the letters A, B, etc., 
stand for the first systems and A‘, B’, C’ for the second we may write the group as follows: 


1 
ab.cd.ef.gh.ij.kl 
afibe).chkdgl 
aie. bif.ckg. A 
ajebif.clgdkh § 
ac.bd.ek jl. gi. AD.BF.CE 
be.el.fk.gj.hif BC’ 
ce.df. AE. BD. CF 
cf.de.il.jk 
ab. bl.ci.dj.e 
al.bk.cj.di.eh fg } 


If we consider the six systems they are the transitive constituents of G, but if we consider only the three 
systems they are intransitive constituents. 
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have these properties and it can be easily seen that G,;+G, constitute a non- 
primitive group. Hence it follows that it is only necessary to find one substitu- 
tion which possesses the three properties named above in order to obtain a G, 
corresponding to a given G,. 

To fix these ideas we proceed to find all the non-primitive groups whose 
degree does not exceed six. Since n must be the degree of some group it follows 
that 2n cannot be less than four. 


Non-PRIMITIVE GROUPS OF DEGREE Four. 


G, must be either (ac.bd) or (ac)(bd). G, is found in (ac)(bd)ab.cd=ab.cd, 
abed, adcb, ad.be. If G,=(ac.bd) we see at once that ab.cd and abcd satisfy the 
three required conditions. In the first case G,=ab.cd, ad.be and in the second 
case it equals abcd, adcb. Hence the given G, leads to the following two non- 
primitive groups of degree and order four: (A transitive group is called regular 
when its degree is equal to its order.) 


(abed),, (abed)cye. 


If G,=(ac)(bd) we see again directly that ab.cd satisfies the three required 
conditions, as we found in the general case. The corresponding G@, includes all 
the possible substitutions. We obtain therefore only one non-primitive group 
with this G,, viz: 

(abed), 


Hence there are three non-primitive groups of degree four. The othertwo 
transitive groups of degree four are multiply transitive and therefore primitive. 
Non-PRIMITIVE GRoUPs OF DEGREE Six witH Two SystEMs OF NoN-PRIMITIVITY. 


G, must be one of the following five groups : 


(abe)all(def)all, + (abe)all(def } pos, (abe.def )all 
(abe)eye(def )eyc, (abc.def eye. 
G, is found in : 
(abe)all(def )all ad.be.c/. 


(a) If G, =(abc)all(def )all, G, will include all the possible substitutions 
and we obtain one group of order 72, viz: 


(1) (abc)all(def )all(ad.be.cf ). 


(b) If G,= 4 (abc)all(def )all } pos the two substitutions ad.be.cf and 
aebd.cf satisfy the three conditions and we thus obtain one G, which contains 
only negative substitutions and another which contains only positive sub- 
stitutions. The two resulting groups are 


V 

y. 
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(2) (abe)all(def )all pos(ad.be.ef )=(abcdef * 
(3) 4 (abc)all(def )all | pos(aebd.cf )=(abcdef )s 4. 


(c) If G,=(abe.def)all ad.be.cf satisfies the three necessary conditions. 
We thus obtain 


(4) (abe.def )all(ad.be.cf )=(abcdef ), 


No substitutions except those in the above G, can transform (abc.def )all 
into itself and interchange the systems, because no two substitutions of (abc)all 
transform (abc)all in the same way. Hence there is only one G, for the given G,. 

(d) If G,=(abc)cye(def )cyc, then the square of only half of the substitu- 
tions in which G, is found are contained in this G,. Hence two G,’s are possi- 
ble, viz: 


G, ad.be.cf and G, ab.de.ad.be.cf=G, ae.bd.ef. 


ab transforms G; into itself and one of these G,’s into the other so that 
there is really only the following non-primitive group with the given G,+: 


(5) (abe)cye(def )eyc(ad.be.cf). 
(e) Finally if G,=(abe.def )cyc we obtain two G,’s and hence the follow- 
ing groups: 


(6) (abe.def )cyc(ad.be.cf )=(abcdef 
(7) (abe.def )cyc(ae.bd.cf )=(abedef ), 


The first one of these two will be found in three conjugate forms if we use 
all the possible G,’s. We have now examined all the possible G,’s and found 
seven non-primitive groups of degree six which contain two systems of non- 
primitivity. 

(To be Continued. ] 


*This group is not found in Professor Cayley’s list, Quarterly Journal of Mathematics, Vol. 25, pp. 71—79. 
It is found in Professor Cole’s supplementary list, Bulletin of the New York Mathematical Society, May, 1893. 

tIt has been proved that whenever G, is the product of two groups then there is really only one G, for 
the given G,. Weshall give a proof of this theorem later. 
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THE RECTIFICATION OF THE CASSINIAN OVAL BY MEANS 


OF ELLIPTIC FUNCTIONS. 


By F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Irving College, Mechanicsburg, 
Pennsylvania. 


{Continued from September-October Number. ] 


IV. Typical of the Cassinian Oval, we have by the Method of Complex 


Variables the following equations : 


at), [1+a(cosé+i sin#)]...... (A); 
(+a sinf)]}...... (B). 
dx /d4=}i* af(cosd—i sin?) sin#)]...... (A’); 
dy /dO=}i? sin9) /\/[1+a(cos#—i sin#)]...... (B’). 
©, 
( [1+a(cos6+7 sin#)| x [1+ a(cosé—i sin4)] 


[From (A) and (B), after differentiating with respect to t, we have 


dx /dt=tapB /r=tap /y (1+at), 


dy /lt=—taB \/(l+a@ /). 


Differentiating under the assumption that t=cos4+i sin, etc., 


dt 4 cosd—sind .{ cos6-+7% sind 
t ( cos#+7% sind ) i( cosé+7 )as sae. 
dt dé 


P,=tiap 


| 

UM 


2a8 .(* dé 
ond P= [L+a?}i Jo [1+Mcosé]} | 


Since in the Cassinian Oval under consideration, a=§ and #=2, we have 
M=#°; that is, (D) is identical with (4) on page 265 of the September-October 
MontHLy. Slowly converging series may be obtained by transforming under the 
hypothesis that 6=(90—¢), or under the hypothesis that 6=(90+ ¢). 

V. The assumption of (2) from page 264 of the MonrTHLy specified gives 


Let (m®—c?) /(m? +c*)=e®, and r?=(m? (k); 
eV + +c?)?(1—at)] x [(m?.+c?)? (at —e*)] 


4m? dx 


+1) f]...... (A); 


that is, the first indicated integral in (G) has vanished. The expression for the 
perimeter of the Cassinian Oval, therefore, becomes 


which is a complete elliptic integral of the first order. 
For the perimeter of the Bernoullian Lemniscate, we have m=c ; that is, 
symmetrically expressed, 
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For the perimeter of the two Ovaliform Figures, we have mc ; that is, 
similarly expressed, 


(Concluded.]} 


ARITHMETIC. 


Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. . 
54. Proposed by D. P. WAGONER, A. B., Principal of the School of Language, Westerville, Ohio. 


A man bought a farm for $6000 and agreed to pay for it in four equal annual install- 
ments, at 6 per cent. annual interest compounded every instant. Required the aunual pay- 
ment. B. F. Burleson. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science, Texarkana, 
College, Texarkana, Arkansas-Texas ; P.S. BERG, Larimore, North Dakota; and J. SCHEFFER, A. M., Hagers- 
town, Maryland. 


Let a=$6000, r=.06, x=annual payment, and m=4=number of equal 
annual payments. If the interest is compounded n times a year, we have the 


present value of the first installment=2(1+—)-"=ze-" when v is infinite ; of 


the second, =xe—*"; of the third, =ze—*"; of the mth, =xe—™" ; where e= Nap- 
erian base. 
(See Todhunter’s Differential Calculus, page 136). 


1 1 1 1 xf emr—] 


ame a(er —1) 


-, = 1738.269, 


II. Solution by B. F. BURLESON, Oneida Castle, New York. 
The amount of P in n years at r=6% when the interest is compounded q 
times a year is evidently 


| 
a 
UN 


Expanding the right hand member in (1) by the binomial theorem, we 


have 
When g=~, equation (2) becomes 
A=P(1+nr+ etc., =, 
by the exponentiai theorem, Pe". ..... (3). 


Whence by taking logarithms in (3) and changing to the common system 
by multiplying by its modulus we have in inverse functions 


A= Plog(1.4342944nr) = 106.1836, 


when n=1, r=.06, and P=100. 
Having determined the rate in equivalent annual compound rate, the re- 
quired annual payment is determined as follows : 


1-+1.061836=.941765=P 
1-+1.061836? =.886913=P’ 

1-+1.0618363 =.8352716=P" 

1-+1.0618364 =.7866294=P’''. 

Now $6000+(P+P’+P’' +P’'’)=$1738.834. 


This problem was also solved by B. F. YANNEY. 


ALGEBRA. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. * 


SOLUTIONS OF PROBLEMS. 


50. Proposed by LEONARD E. DICKSON, M. A., Fellow in Mathematics, University of Chicago. 
Given b=a)/—1.tan am being an arbitrary integer, find the simplest 


algebraic relation between a and b. 
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Solution by the PROPOSER. 


mr 
m7 a+b 1+% tan,— 
From b=ai tan - where 1=)//—1, we derive" 


_l— tan 
1+tan?™7 
n 


gmx. ma m7 
= cos sin? — +2isin— =cos—— 
n 


.. 
+ isin 


, the n power of which, by De Moivre’s Theorem, equals 1. 


. (a+b)" =(a—b)", 
_Also solved by F. P, MATZ. 


51. Proposed by J. W. NICHOLSON, LL. D., President, and Professor of Mathematics, Louisiana State 
University and A. and M. College, Baton Rouge, Louisiang. 


Solve the equation x5 5mz’ + 5m?x+n=0. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science, Texarkana 
College, Texarkana, Arkansas-Texas. 


Let x=y+z. The equation then easily reduces to +25 +5(yz+m) 
23 +(2yz+m)(y+z)}-+n=0. Now « may be decomposed into two parts, y and 
z, in an infinite variety of ways, and we may, therefore, suppose y and z are such 
as to satisfy the condition yz+m=0. This gives yz=—m, y5+z5=—n. Let y® 
=t,,z25=t,, then we have t,t,=—m'5,t,+t,=—mn. t, and ty are the roots 
of the equation t®? +nt—m5=0...... (1). ft, + 

Case I. When m is positive. 


Let t=uj,/m5, then (1) becomes u? +—~“—u—1=0;; but tan?44+ 2cot@tan 


ym 
40—1=0. 2 cotd=n /)/m5, or tand=2)/m> /n. t; m5 tan}, t, =— 
V ere 2 
where 6<90°. Four of the five 


roots of {/tan44 are imaginary. Let tan 4¢=r=the real value of $/tan}¢, and 
let @;, @y, 43, @, represent the four imaginary roots of unity 


45,8 


4 


, respectively. 
1 1 : 1 : 


(ray= Substituting the values of r, a,, @3, 
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8 

U 
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we get =—2)/meoté, 
—10—21/ dcosec¢ } , 
—10+2y Beosec¢ |, 
Case II. When m is negative and —4m5<n?. 
Then (1) becomes t? +nt+(—m*)=0, or u? +—___u+1=0; but tan? 
s6—2cosec4 tan}6+1=0. .°. —2cosech=n /)/—m*, or sind=—2)/—m* /n. 


By a process similar to that in Case I, we get, 


—m(r+ 7) =2)/—meosec¢, 

t+, —m4 (V/5—1)cosecd+ / —10—2y } , 
—m4 (1/5 + 1cosecd— 1042) Scot 
Case III. When m is negative and —4m5<n?®, 


In this case the preceding method fails. Let x=ku, then 25 +5ma' + 


5m*x+n=0 becomes also cos'4— §cos? 4+ 


—,',cos54=0. Let u=cosf, then 5m /k?=—5 /4, 


n n n 


Since —™ is positive, this gives five real values of 6, to be taken<90°. 
— 1 —— 28 
=2/ —meos(—- x =2/—meos(—- +9), 


II. Solution by 0. W. ANTHONY, M. Sc., Professor of Mathematics in New Windsor College, New Windsor, 
Maryland. 


m 
Let «=z——, and the equation reduces to z1°+nz5=m5. 


Whence /A/4mi—n?. 


III. Solution by H. C. WILKES, Skull Run, West Virginia; and A. H. BELL, Hillsborough, Illinois. 


Factoring, etc., +2m)(7?+3m)=m? Let «=n; then 


+ ‘—m—1, +1/1—2m, which will be the five roots. 
Or (2? +3m)(2? Assuming +3m=,] 
x 


+2m= J". -J- m ; hence Substituting m= 
x m* 


for m in eq. 1, 41008 This can be developed, x1°— 


58na5+441=0. 4/49n or Y/9n. 

{The above is not strictly a solution, but affords a method of discovering integer roots, ifany. The solu- 
of Professor Zerr is especially fulland neat EDITOR.]} 

Also solved by F. P. MATZ. 


52. Proposed by F. P. MATZ, D. Sc., Ph. D., Professor of Mathematics and Astronomy in — College, 
Mechanicsburg, Pennsylvania. 


In how many ways can we arrange 12 friends of the MonrtHty, around a table, so 
that ; (1) the editors may never be together, (2) Matz and Halsted may never be apart, and 
(2) Zerr and Ellwood may always have Gruber betwixt them ? 


Solution by 0. W. ANTHONY, M. Sc., Professor of Mathematics in New Windsor College, New Windsor, 
Maryland. 


I. Considering one editor in position the other may occupy 9 places ; but 
the first editor may take 12 places, and therefore the two take 108 positions. 
For each of these places the remaining nine mathematicians may be seated in 
9 ways, making 108)9 ways altogether. 

II. If Matz and Halsted are never apart we may consider them as an ele- 
ment to be arranged as each of the other individuals. We then have 11 ways of 
arranging them without regarding the internal arrangement of the group ; this 
may be arranged in two ways. We, therefore, have 2/11 as the number of ar- 
rangements. 

qlII. By the same reasoning as in the last case we have the number of ar- 
rangements = 2/10. 


NotEe.—No solution of problem 53 has as yet been received. The published solution of problem 49, 
in last issue, should have been credited to Prof. J. H. Grove, Howard Payne College, ‘Brownwood, 
Texas. 


PROBLEMS. 


59. Proposed by COOPER D. SCHMITT, M. A., Professor of Mathematics, University of Tennessee, Knoxville, 
Tennessee. 


dyn dat+1 


2 

] 
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60. Proposed by Professor C. E. WHITE, Trafalgar, Indiana. 


Prove that every algebraic equation can be transformed into another equation of the 
same degree, but which wants its nth term. 


61. Proposed by J. A. CALDERHEAD, A. B., Superintendent of Schools, Limaville, Ohio. ° 
Given +2) ry=10, and y*? +y)/r2y=20 to find x and y by quadratics. 


CALCULUS. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


40. Proposed by F. P. MATZ, D. Sc., Ph,D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Pennsylvania. 


The closed portion of the curve known as ‘“‘The Cocked Hat,” equation 
at y? + 4ax*y—2a*x? +3a%y? —4a5y+at=0, 
revolves around the axis of y. Find the campanulate volume generated. Ifthe same por- 


tion of the curve revolve around the axis of x, find the fusiform volume generated. Also, 
determine the area of this closed portion of the curve. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science, Texarkana Col- 
lege, Texarkana, Arkansas-Texas ; W. C. M. BLACK, A. M., Professor of Mathematics in Wesleyan Academy, 
Wilbraham, Massachusetts ; and the PROPOSER. 

Solving the equation for x? we get #2 =+}y)y? + 8ay—3(y? +4ay—2a?). 


... The campanulate volume generated by the area MPA,QNM is 
V= (yyy? +8ay— y? — 4ay+ 2a? )dy+ 


(yy y? +8ay+y? + 4ay—2a*)dy. 


-+8ay)? —2a(y—4a) y+ 8ay+32a3 log 

{ y+4a+) +8ay — ty? —2ay?* +2a°y | + ty? + 2ay?— + Hy? + 

Say)? —2a(yt+ + Buy +32a*log y+4at+ +8ay a 


= $705 (12log3—13). [Zerr, Marz, and Brack.] 


M IN 4 
4 
+ | \ 
Q| 
/ | : 
a A <7 
‘ 
. 


From the equation we get y= — 2? 


+3a? 
.. The fusiform volume is 


Also area is AS 43a? dz =2a — 


)- 96 


; = Frat (16)/3—27), 


2 
tan ( 3 tan 


0 


[ZeRR, and Marz.] 


(a? dx 
o (2*+3a?)? 


Or, fusiform volume=27 Sv f 
0 


cos* ddd 


3 
4—cos? 


1.3.5 2.1.3.5.7 3.1.8.5.7.9 ‘ 

4m pis 

(2m)° 2" 


(a? —x*)i dz 


Area of closed portion=2~ +3a* 


im 4 7 4 6 8 
Let s=asin#, A=4a*® cost cos‘ @  cos*@ cos* 6 


cos!°¢@ { 1.3 1.3.5 1.3.5.7 } 


_ which series is also convergent. [Buack.] 
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41. Proposed by F. M. SHIELDS, Coopwood, Mississippi. 


A railroad turn-table 100 feet long is balanced upon a pivot in the center of a circular 
track 100 feet in diameter. How far does a man walk who starts at one end of the table 
and walks, at a uniform rate, the entire length of the table in the same time that the table 
makes two revolutions, if the table starts to turn at the same time the man starts to walk ? 


Solution by C. W. M. BLACK, A. M., Professor of Mathematics in Wesleyan Academy, Wilbraham, 
Massachusetts. 


It is the purpose of this solution to find how far the man moves in space, - 
if he always walks on the same line CD until across. 

Let OA=a, OP=r, ~COA=8, the velocity of C 
around the track n times the velocity of P along CD, P be- 
ing the man’s position at any time. Then n.PC=are AC 
2, 

n 


r=a(n—4) Yn 


nr 


is the equation of the man’s path; also, ds=;/(dr)*+r*(dé@)*, but (dr)? = 
a® 20 f 


length =—(n—4) 14+ (n—A)? +— log{n— 6+ 4/1+(n—%? +0, but 2na 


25 
its of are Oand 27, anda=50. s=50)/1+47, +—log 27+ 1/1447? 
*, s=338.303 feet. 
Similarly solved by G. B. M. ZERR. 
43. Proposed by J. C. NAGLE, M. A., C. E., Professor of Civil Engineering, A. and M. College, College 


Station, Texas. 

Show that the volume included between the surface represented by the equation 
z—e--(z*+y*) and the zy plane equals the square of the area of the section made by the zz 
plane, the limits of x and y being plus and minus infinity. 


I. Solution by Professor J. SCHEFFER, A. M., Hagerstown, Maryland. 


Changing to polar co-ordinates, the volume is -f dé f e-Wrdr= 


2 
rf Theareais 2 e-“dx. Putting in the Gamma Function 
a 0 a 0 


4 
. 
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e-*2"—"dz=I'(n), z=2*, n=}, we find af e-**dxr=I(4)=)/7, which proves 


| the assertion. 
' II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science, Texarkana 
College, Texarkana, Arkansas-Texas. 


Let V=the required volume ; A=the required area. 


Jf dedya: = zdady dady. 
SSS J y 
v=[ ear |. A= Sidra: = 2d, =f da. 
+0 4.00 +0 2 
But f | evdy. “.V= Lf | = A’, 
“a 


III. Solution by C. W. M. BLACK, A. M., Professor of Mathematics in Wesleyan Academy, Wilbraham, 
Massachusetts. 


z=e-@+¥*), Applying formula for volume, Va=f fzayde, we have 


2) 
af f em +v)dydx......(1). Also let y=0. Then z=e-® is the equa- 
0 


tion of section made by zz plane. Area=2 { os) TT (2). Let this be 
equal toa...... (3). Now put (1) in form of v=4{ Inte- 
@ 
grating with reference to y in accordance with (3), we have v=2 ae—“dzx=2a 
0 


f e-**da=a*, also in accordance with (3). 
o 


Professor William Hoover did not solve this problem but referred to Todhunter’s In- 
tegral Calculus, Art. 204, where a good solution is given. 


PROBLEMS. 


49. Proposed by B. F. BURLESON, Oneida Castle, New York. 


Find (1) in the leaf of the strophoid whose axis is a the axis of an inscribed leaf of 
the lemniscata, the node of the former coinciding with the crunode of the latter. Find (2) 
in a leaf of the lemniscata whose axis is b the axis a of an inscribed leaf of the strophoid, 
the node of the former also coinciding with the crunode of the latter. 


| 
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50. Proposed by GEORGE LILLEY, Ph. D., LL. D., Principal of Park School, 329 East Second Street, N. 
Portland, Oregon. 
A draw bridge, a feet in length, moves uniformly about a center axis. At the instant it 
began to open, a man stepped on the end; and, walking at a uniform rate in the straight 
line passing through its center, reached the opposite end just as it made n complete revolu- 
tions. Find the absolute path described by the man, and the ratio of his rate of motion 
in this path and the velocity of the end of the bridge. Apply the result to the case when 
a=820 and n=2. 


MECHANICS. 


Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


30. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


P is the lowest point on the rough circumference of a circle in a verticle plane 
at which a particle can rest, friction being equal to the pressure ; to find the inclination of 
the radius through P to the horizon. 


Solution by the PROPOSER. 
If z=the coefficient of friction, R=the normal reaction of the curve, uR= 
the friction, =R by the problem. .°. w=1. 
W being the weight of the particle, we have, resolving along the tangent 
and radius through P, 


These give tand=y=1, or 


Excellent solutions of this problem were received from PROFESSORS ALFRED HUME, O. W. 
ANTHONY, and E. L. SHERWOOD. 


31. Proposed by 0. W. ANTHONY, M. Sc., Professor of Mathematics in New Windsor College, New Windsor, 
Maryland. 


A perfectly elastic, but perfectly rough mass M and radius R, rotating in a verticle 
plane with an angular velocity of @, is let fall from a height, a, upon a perfegtly elastic, 
but perfectly rough horizontal plane. Determine the motion of the body after striking the 
plane. What will be its ultimate motion? 


Solution by ALFRED HUME, C.E., D. Sc., Professor of Mathematics in the University of Mississippi, Uni- 
versity P. 0., Mississippi. 


Let the angular velocity, @, bed in the direction of the motion of the hands . 
of a clock. 


| 
| 
W sing=wR......(1). 
W cosd=R......(2). 
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Let @’ and v’ be, respectively, the #hgular velocity, and the horizontal 
velocity of the center of the sphere, after the first impact. 
The impulsive action at the point of contact is, then, Mv’. 
The changé in the angular momentum being equal to the moment of the 
impulse, 
gM R*(@—w')=Mv' R. 
The surfaces being perfectly rough, there is no slipping and 
v' =Ro’. 
3(@—@')=@', 
@’ 
v” and a” representing horizontal and angular velocities after second 
impact, 
M(v"—v’ )=impulsive friction, 
—w’)=—M(w"—v')R, 
)=@' 
and v’=Rw'=2Ro. 
The sphere moves on in an endless series of equal parabolas, with constant 


angular velocity and constant horizontal velocity, reaching the height a after 
every rebound. 


Solutions of this problem were also received from Professors Zerr and Anthony. One 
or both of these solutions will appear in the next issue of the MonrHty. 


DIOPHANTINE ANALYSIS. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


30. Proposed by COOPER D. SCHMITT, M. A., Professor of Mathematics, University of Tennessee, Knoxville, 
Tennessee. 


A and B are two integers, A consisting of 2 m figures each being 1, and B consisting 
of m figures each being 4. Prove that A+B-+1 is a square. 
I. Solution by H. W. DRAUGHON, Olio, Mississippi, and 0. W. ANTHONY, M. Sc., Professor of Mathe- 
matics in New Windsor College, New Windsor, Maryland. 
Each of the integers is a Geometrical Series. 


| | 


A=1+10-+100+etc., to 2 m*terms, =}(10°"™—1). 
B=4+40+4400+etc., to m terms, =4(10" —1). 
A+B+4+1=}(10°™—1)+4(10" —1)4+1=}(10°™+ 4.10" +4) 
= 4 3(10+2) 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science, Texarkana 
College, Texarkana, Arkansas-Texas, and H. C. WILKES, Skull Run, West Virginia. 


A=,'; B® +4B as is shown by the following: Let B=444. 
*. *,B?+4B=111111. This is true for any value of B. 


2 
Hence ) 


4 
A+B41=(833...... 334)*, the number within the parenthesis consists 
of m figures. Let A, be an integer consisting of m. figures all 1’s. 
Then B?=(338...... 334)? =(B+1+4,)?*. 


Also solved by M. A. GRUBER and J. SCHEFFER. 


31. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 


How many scalene triangles, of integral sides, can be formed with an altitude of 12? 
How many isosceles triangles ? 


I. Solution by ARTEMUS MARTIN, LL. D., U. S. Coast and Geodetic Survey Office, WashIngton D. C. 

1. To find right-angled triangles having one leg=12. 

Let «=the required leg and +a=the hypothenuse ; then (x+a)*—<2? 
=2ax+a?=12%=144 ; whence 

It is easily seen that a must be even, and that it cannot exceed 10; but as 
« must be integral a can only be 2, 4, 6, or 8. 

Take a=2, then x=35; take a=4, then s=16; take a=6, then x=9; take 
a=8, then s=5. Hence there are four right-angled triangles having one leg 
=12, viz: 12, 35, 37; 12, 16, 20; 12, 9, 15; 12, 5, 18. 

2. Any two right-angled triangles, p, c, a; p, b, d, can be combined in 
two different ways to form a scalene triangle, giving the triangles a, b, c+d ; 
a,b,c-—d. Hence the four right-angled triangles found above can be combined 
two and two in two different ways to form scalene triangles ; therefore there are 
twelve such triangles which have an altitude of 12, as follows: 13, 14, 15; 20, 
37, 51; 15, 20, 25; 15, 37, 44; 13-37, 40 ; 13, 20, 21; 13, 15, 4; 20, 37, 19; 15, 
20, 7; 15, 37, 26; 18, 37, 30; 18, 20, 11. ; 

There can be only four isosceles triangles with integral sides having an al- 
titude of 12, viz: 13, 18, 10; 15, 15, 18; 20, 20, 32 ; 37, 37, 70. 


II. Solution by A. H. BELL, Box 184, Hillsboro, Illinois. 


We evidently require to find two O numbers whose difference shall 
be equal to any given number. Let «=the side of the lesser square, and d=to 
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two unequal factors=ab, a>b; let x+b=the greater square. 


Then (+b)? =ab, and e+ 

The unequal factors of the difference (12)? are 2 x 72, 4x 36, 6x 24, 8x18; 
these give for sides of squares in the formula, and complete the following 
‘right-angled triangles, in the order of altitude, base and hypotenuse: 12, 5, 13; 
12, 9, 15; 12, 16, 20; 12, 35, 37. 8 

By doubling the base of each will give four isosceles, and by adding 
and subtracting the bases from each pair will give 12 scalene triangles. 


III. Solution by the PROPOSER. 


All scalene A’s are rt. A’s or are the sum or the difference of two rt. A’s 
of equal altitudes. The A’s of this problem are restricted to A’s of integral 
sides having an altitude of 12. 

We first find the rt. A’s of integral sides having an altitude of 12. These 
are fourin number: 12, 5, 13; 12, 35, 37; 12, 9, 15; and 12, 16, 20. 

Then, by sum and difference, we form combinations by twos by joining 
their equal altitudes. It will readily be seen, if n=the number of rt. A’s of a 
given altitude, that the number of combinations each by sum and by difference of 
twos is the sum of the series, n—1, n—2, n—3...... 1. The sum of this series 

Le § As there are two such series, the number of combinations is n(n—1). 

Adding to this the n rt. A’s, we find the total number of scalene A’s to 
be n®, which is the square of the number of rt. A’s having the given altitude. 
Hence the number of scalene A’s of integral sides having an altitude of 
12 is 4°=16. 

All isosceles A’s of integral sides are the union of two equal rt. A’s by 
joining the altitudes. There are as many isosceles A’s of integral sides having 
a given altitude as there are rt. A’s of integral sides having the giyen altitude. 
Hence there are four isosceles A’s of integral sides having an altitude of 12. 

Also solved by 0. W’. ANTHONY, H. W. DRAUGHON, G. B. M. ZERR, and WILLIAM HOOVER. 
32. Proposed by A. H. BELL, Box 184, Hillsboro, Illinois. 
Decompose into its prime factors the number 549755813889. 


Solution by the PROPOSER. 

To find the factors of 2°*+1=549755813889. The old masters have 
demonstrated that prime factors of a® +1 must be of the general form of 2nz+1. 
Suppose we take a™"+1, mn odd, the factors of mn are m, n, 1; then the prime 
divisors will be of form a™"+1, a" +1, anda+1. Divide out these factors ; the 
y’ balance will show the limit of the trial divisors which must be of the general 
form 2mnz+1=to prime form of factors=8mnzx+1 and 8mnz+(6mn+1), if these 
will not or if they do divide the balance, we conclude the balance to be a prime 


number. 
Solution of 23° + 1=549,755,813,889~by divisors (prime) 2'*+1, 2%+1, 
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and 241; then 8*.2731.(22366891)./22366891=4620 limit of divisors of 
the form prime 8mnz+1 and 8mnz+ (6mn+1)=312%+1 and 312%+ 235, and they 
are 313, 547, 859, 987, 1171, 1249, 1488, 1873(2731)3121, 3433, 4057, 4603 
to limit, none of which will divide the balance, hence 22366891 is prime. 
.'. factors are 3° x 2731 x 22366891. 
No res i Problem 33 has been received. 


PROBLEMS. 


43. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Find the series of integral numbers in which the sum of any twoconsecutivé terms is 
the square of their difference. 


44. Proposed by A. H. HOLMES, Box 963. Brunswick, Maine. 


The hypotenuse of a right-angled triangle ABC, right-angled at A, is extended 
equally at both extremities so that BE=CD. Draw ADand AE. Find integral values for 
all the lines in the figure thus made. 


AVERAGE AND PROBABILITY. 


Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him. 


NOTE ON AVERAGE AND PROBABILITY WITH REFERENCE TO THE SOLUTIONS 
OF PROBLEM 26, pp, 282-83, AND 327-28. 


By ARTEMAS MARTIN, LL. D., U. S. Coast and Geodetic Survey Office, Washington D. C. 


I witt remark at the outset that, unfortunately, mathematicians are not 
agreed as to the method of solving certain problems in Average and Probability. 
The difference of opinion in some cases relates to the interpretation of the mean- 
ing of the problem, and in others to the quantity that should be considered as 
the independent variable, and between what limits taken, and again as to 
whether the ‘‘points’’ are uniformly distributed along a certain line or over a cer- 
tain surface, etc. 

If points be uniformly distributed on a line, the number of points is pro- 
portional to the length of the line ; and if points be uniformly distributed over a 
surface, the number of points is proportional to the area of the surface, etc.; but 
if the points be aot uniformly distributed, then the line or surface can not 
be taken as a true measure of the number of points. 

Problem 26. ‘‘Find the average of all right-angled triangles having 
a given hypotenuse.’’ 
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Prof. Matz’ first solution, p. 82, would be correct if he had taken the lim- 
its of z from 0 to h instead of from 0 to 4hy/2. He supposes one of the legs to 
increase uniformly from 0 to 4hy- 2, or till the legs become equal ; but this as- 
sumption does not give all the triangles because, while x increases uniformly from 
0 to thy 2, does not decrease uniformly from h to The limits 
should be 0 and h, for if one leg varies uniformly from 0 to h all possible right- 
angled triangles will be generated, and the number of the triangles wil be pro- 
portional] to h. 

If he had taken x from 0 to A in his first solution, and @ from 0 to $7 in- ’ 
stead of from 0 to }7 in the second, he would have obtained in both solutions the 
result ta*, which I believe to be correct. ‘ 

In the second method of solution, adopted by Prof. Zerr and others, and 
approved by the Editor, it is assumed that one of the acute angles varies 
uniformly, and that the number of triangles is proportional to the semicircumfer- 
ence whose diameter is the given hypotenuse. 

The vertices of the right angles of all possible right-angled triangles hav- 
ing a given hypotenuse a will be posited on a semicircumference whose diameter 
is a, but will not be uniformly distributed thereon ; hence the semicircumference 
can not be taken as the true measure of the number of triangles. 

I most emphatically dissent from the conclusion announced by the Editor 
in the last line of p. 328. The last paragraph of the note is sound down to the 
last line, but it does not by any means necessarily follow from any statement 
made therein that ‘‘the solutions leading to the result sr are the correct and only 
solutions of the problem.’’ [ hold that the solution given by Prof. Anthony on 
p. 288, and previously given by myself in the Mathematical Magazine, leading to 
the result 4a® (misprinted 3a? in the first line of the Editor’s note), is the true 
-solution of the problem. 

The conception of a triangle is from its sides ; and if we cause one of the 
legs to take all possible values from 0 to a it is very clear to me (and ought to be 
to every one) that all possible right-angled triangles having that hypotenuse will 
be formed. 

The problem as proposed is definite as the Editor correctly states in his 
note, and requires the ‘‘average area of all the right-angled triangles having a 
given hypotenuse ’’; but the solution which he asserts the ‘‘correct and only’’ one 
restricts the triangles to those having the vertices of their right angles uniformly 
distributed on the semicircumference whose diameter is the given hypotenuse, 
and therefore is not a solution of the problem proposed, but of the follow- 
ing problem, viz: :Required the average area of the right-angled triangles hav- 
ing a given hypotenuse and the vertices of their right angles uniformly distribut- 
ed on the semicircumference whose diameter is the given hypotenuse. 
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QUERIES AND INFORMATION. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


Why was the letter z chosen to represent-—-? 


Lorrie SmitH, Houston, Miss. 


I have several problems, which though solved by quadratics, have one 
positive root and no+other. I have also several problemas, which can only 
be solved by quadratics, which have two roots, one real and one imaginary, not 
withstanding that ‘‘imaginary expressions enter an equation by pairs,’’ which at 
present I will not disclose. The following problem is from Bell’s Algebra 
(Chamber’s Edition Course): ‘‘Given 4/2x?—2)=32—5. or}.’’ The 
fails to verify the equation. Can another root besides 3 be found that will? 

R. GREENWOOD, Morris, 


COMMENTS ON PROBLEM 11-GEOMETRY. 

What does the gentleman do with the parts of the circle outside of his 
own central circle and the seven circles he gives to his seven children? If he 
does not ‘‘retain’’ it, he must think that these pieces will suit his wife. 

W. F. BrapsBury, 
Cambridge Latin School, Cambridgeport, Mass. 


When the condition of the problem is satisfied, one of the seven equal cir- 
cular farms will be concentric with the original farm. This condition is, there- 
fore, incompatible with the (insinuated) condition that the gentleman shall retain 
for himself an area about the center of the original farm. The ‘‘problem”’ 
is merely a puzzle. L. E. Pratt, Tecumseh, Neb. 


On page 249 of Wentworth’s College Algebra, we find the author conclude 
that |O=1, 7. e., factorial zero is equal to unity. On page 246 the definition of 
factorial is given: |n=n(n—1)(n—2) 1, i. ¢., factorial n is equal to the 
product of all the natural numbers from n to 1 inclusive. Ifn were 3, we would 
have |3=3.2.1 ; if n=8, then 8=8.7.6. ..++.1. So for any other number. If 
therefore 0 is to be one of them, it must submit to the same law. ' 

.. (O=0......1=0.1=0! This would show that factorial zero, if it has 
any meaning at all, must be equal to zero. But factorial zero is not comprised 
within the definition given by the author: by that definition the first factor of 
the product is the number given (n), the last-is unity, (1), which therefore ex- 
cludes 0. The mistake made by the author in arriving at the result consists in 
disregarding the factor 0 in one of the terms of a fraction. From the formula 
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is derived, by multiplying each 

term by |n—r, the formula: [4], 
or Ca, = r " Now if in this latter we make n=r=1 we obtain 


[But as the number of combinations made of one element with one in the 
group is one, we also have ° 


1 


| O=1.] 
But suppose we make the substitution in formula [A] ; 


_n(n~1) (n—r+1)(n—r)...... 1 


where (n—r+1)=(1—1+1)=1. 


{1 @e—r)....1 


The factor which becomes 0 in the denominator also occurs in the numer- 
ator and is to be cancelled. The error made as in [B], consists in neglecting this 
factor in the numerator but retaining it in the denominator. 

“Oscar SCHMIEDEL, 
Bethany College, Bethany, West Virginia. 


ANSWERS TO QUERIES IN MONTHLY FOR MARCH, 1894, (VOL. 1, NO. 3, P. 103.) 
By Pror. Joun N. Lyte, Futon, Mo. 


I. Whether Lobatschewsky’s theorem 4 is ‘‘sound’’ or not depends upon 
what shall be regarded as ‘‘scund”’ in geometry. If the assumption that a plane 
is the surface of a sphere and that two straight lines drawn therein perpendicular 
to a third do intersect is sound; then Lobatschewsky’s theorem 4, since it con- 
tradicts this assumption, must be unsound. Otherwise, two propositions that 
contradict each other may both of them be sound. Again, if the soundness 
of Euclid*s propositions 27 and 28, Book 1. is granted, that of Lobatschewsky’s 
theorem 4 must also be conceded, since it is a legitimate corollary of those 
propositions. 


II. Lobatschewsky’s theorem 4 which reads as follows: ‘‘Two straight 
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lines perpendicular to a third never intersect, how far soever they be produced’’ 
contradicts flatly the assumption that these perpendiculars do intersect, no matter 
where the intersection is supposed to occur. The fact and not the place of sup- 
posed intersection constitutes the contradiction. Von Staudt’s assumption that 
two straight lines perpendicular to a third have ‘‘at infinity a common point’”’ 
contradicts proposition 27, Book 1. of Euclid’s Elements, and hence can not be 
in harmony with it. Euclidean space cannot be extended to any point of inter- 
section of the two perpendiculars under notice for the good and sufficient reason 
that those perpendiculars do not and can not intersect in that space. 


III. No. IV. Yes. 


V. No, for the reason that it involves contradiction. By definition every 
straight line having two ends is finite. Hence, to affirm that such a line is infin- 
ite in length is to attribute to it contradictory attributes. No infinite straight 
line can be drawn between two points located in space and geometrical science 
does not concern itself with what is supposed to occur or not te occur outside of 
space. Juggling with algebraical symbols can not alter the cold, hard facts of the 
Euclidean geometry. 


VI. In his theorem 16 Lobatschewsky is studiously silent as to whether 
he regards the boundary line itself as a cutting or a not-cutting line. In 
his theorem 33, however, he uses this language—‘‘hence not only does the dis- 
tance between two parallels decrease (Theorem 24), but with the prolongation of 
the parallels towards the side of the parallelism this at last wholly vanishes. 
Parallel lines have therefore the character of asymptotes.’’ From this it appears 
that Lobatschewsky holds that the distance between asymptotes and their curves 
last wholly vanishes.’’ 


VII. In theorenis 32 and 33 Lobatschewsky exhibits without disguise his 
use and interpretation of the symbols 0 and ™, and his speculative opinions re- 
specting geometrical data that dominate his thinking and thus determine his con- 
clusions. The reason assigned by Lobatschewsky for his conclusion that the dis- 
tance between parallels decreases and ‘‘at last wholly vanishes’’ is that s’ =0 for 
a= ® in the formula s’=se-*. There is nothing novel, brilliant gr profound in 
manipulating algebraical symbols in such fashion. _It is in fact a familiar game 
of analytical sophistry more than two hundred years old pla#ed in the school of 
Leibnitz with 0 and © as dice. In his theorem 382 a informs 
us that ‘‘A circle with continually increasing radius merges in the boundary 
line.”” He further says that ‘‘one may also call the boundary line a circle with 
infinitely great radius.”’ 

When Lobatschewsky rejected Euclid’s axiom 12 and accepted in its stead 
a straight line as the circumference he evidently strained at a gnat and swallowed 
acamel. In Lotze’s Metaphysics, Part II., Vol. I., pages 290 and 291 the fol- 
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lowing extract is found: ‘‘A finite arc of a circle, of course, becomes perpetual- 
ly more like a straight line as the radius of the circle to which it belongs is in- 
creased ; but the whole circle never comes to be like one. However infinitely 
great we may conceive the radius as being, nothing can prevent us from conceiv- 
ing it to complete its rotation around the center, and till such rotation is com- 
pleted we have no right to apply the conception of a circle to the figure which is 
generated: discourse about a straight line which being in secret acircle of infinite 
diameter, returned into itself, is not a portion of esoteric science, but a proof of 
logical barbarism. Just the same is shown by phrases about parallel lines which 
are supposed to cut each other at an infinite distance. They do not cut 
each other at any finite distance, and as every distance when conceived as attain- 
ed would become finite again, there is simply no distance at which they do so ; it 
is utterly inadmissible to pervert this negation into the positive assertion that in 
infinite distance there is a point at which intersection occurs.’’ 


EDITORIALS. 


We were compelled to omit the Department of Geometry in this issue be- 
cause of lack of sorts, and the Miscellaneous Department because this number 
has now grown far beyond its proper limits. 


No pains will be spared on the part of the editors to make Vol. III. of 
great value to all its readers. To this end, we trust that we may have the codp- 
eration of all of our oJd contributors and that of many new ones. 


Professor E. L. Sherwood should have been given credit for solving Prob- 
lem 46, Department of Geometry. Editor Colaw and Prof. Cooper D. Schmitt 
each sent a solution of Problem 54, Department of Arithmetic, but too late for 
credit in the proper place. 


A correspondent who has a large collection of mathematical autographs 
and MSS. will exchange duplicates with any other who is interested in the same 
line. Professor Finkel will put this correspondent in communication with 
any one who will send his address. 


In order that we may increase the subscription list of the Monruty, 
we invite each of our old subscribers to take advantage of the following offer : 

To any old subscriber sending us the names of three new subscribers, and 
six dollars, we will send THe AMERICAN MATHEMATICAL MONTHLY one year as a 
premium. This offer ought to quadruple the number of our subscribers. 


While much is being said in the literary world about endowing magazines, 
what is wrong with making the MonrHiy an example of endowed periodicals ? 
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This year a great friend of the Monruiy and a Professor of Mathematics in an 
eastern college, invested $60. in extra copies. If one hundred of our subscribers 
would donate $50. towards an endowment fund, they would be entitled to a per- 
petual subscription and the Monruiy saved from the fate of its predecessors,— 
discontinuance in the course of a decade or two. 


This number completes the second volume of the MonTuty, and though 
its success in the two years during which it has been issued has not been what we 
hoped for, it has not been altogether discouraging. We are encouraged by words 
from various mathematicians of great eminence that the MonrTHLy is growing in 
influence and favor. We believe this to be true. A glance at our list of contrib- 
utors will show that it includes the best mathematicians in America. Having the 
support of the ablest mathematicians of this country, the Monruiy should con- 
tinue to appear each month during the year that is now upon us. The editors 
have, therefore, no thought of discontinuing its publication, and we trust that we 
may have the earnest support of all of our old subscribers in the still further en- 
hancing of its worth. In the January number we shall use a better quality of 
paper and thus improve its appearance. We have on hand anumber of very ex- 
cellent articles from leading mathematicians which will appear during the coming 
year. Dr. Halsted will continue his translation of Saccheri’s geometry, and Dr. 
Miller will continue his articles on Substitution Groups. Dr. Moore has furnish- 
ed an article on An Interesting System of Quadratic Equations, which will appear 
in the January number. Prof. Zerr has furnished an article on the Centroid of 
Plane Areas, the first part of which will also appear in the January number. A 
great many other papers of interest and importance from prominent mathemati- 
cians may be expected. The January number will contain an interesting biog- 
raphy of the great Russian Mathematician, Wolfgang Bolyai, by Dr. Halsted. 
Other biographies of noted mathematicians will be published during the year. 


A great many of our subscribers are in arrears on subscription for Vol. I. 
and Vol. II. We shall be greatly obliged if those owing us will kindly remit at 
once, as we are much in need of funds. Please send money by Draft or Post- 
office Money Order to B. F. Finkel, 1320 Washington Avenue, Springfield, Mo. 


BOOKS AND PERIODICALS, 


High School Mathematical Teaching and Text-Books. A monograph from 
the Inland Educator. By Robert J. Aley, A. M., Professor of Mathematics in 
the University of Indiana, Bloomington, Indiana. 


In this little pamphlet of 20 pages, Professor Aley has given some good hints on the 
teaching of Mathematics in the High School. He blames the teacher, the text-book, or 
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both for the hatred so many boys and girls have for Mathematics. He says, page 
13, ‘‘This feeling is not natural to the normally constituted mind. Psychologists and edu- 
cators generally tell us that the mind ought to find pleasure in mathematical exercises. 
There is no subject in which the student can so early begin making discoveries for himself, 
The mere beginner in geometry can make and solve exercises that would have made Appol- 
lonius famous. This hatred for mathematics must then in general be the fault of 
the teacher, or of the text-book, or of both. Whichever it may be, it is in the province of 
the teacher to remove.” 


Wilkes’ Rules of Multiplication. By H. C. Wilkes, Skull Run, West 
Virginia. 

In this little pamphlet of 16 pages, Mr. Wilkes has given a number of rules for the 
rapid multiplication of two numbers. He says, page 1, ‘‘To be expert in multiplying, three 
things are essential: 1st, To be able to multiply any number by a single digit, operating 
from left to right ; 2nd, To know instantly from memory the product of any two numbers 
each less than 20; 3rd, To be able to add mentally and quickly any two numbers each less 
than 100.”’ We give a single Rule: How to mentally see the product of any two uumbers in the 
“‘teens.”? Example: 19X16 
19 
6 
54 


304 
Place the unit figure of one of the numbers under the other number, and then place 
the product of the unit figures as shown, and add all together. 


Laboratory Methods of Teaching Mathematics in Secondary Schools. By 
Adelia R. Hornbrook, A. M., Teacher of Mathematics in High School, Evans- 
ville, Indiana, and author of Concrete Geometry for Common and Grammar 
Schools. Pamphlet, 16 pages. Chicago: American Book Co. 

In this little pamphlet, Mrs. Hornbrook has given some timely recommendations on 
the Laboratory Method of Teaching Mathematics from a psychological standpoint. She, 
proves conclusively that the Laboratory Method which has worked wonders in the Depart- 
ment of Natural Science, can also be made to produce equally good results in Mathematics 
if sufficient care is taken on the part of the teacher. The term ‘“‘Laboratory Method”’ as 
applied to teaching Mathematics means the method of independent personal investigation 
on the part of the learner under the leadership of a teacher who furnishes only the neces- 
sary aids to interpretation. The pamphlet is well worth a careful reading. 


: Plane and Solid Geometry. By Wooster Woodruff Beman, Professor 
of Mathematics in the University of Michigan, and David Eugene Smith, Profes- 
sor of Mathematics in the Michigan State Normal School. 8vo. cloth and leath- 
er back, 320 pp. Boston: Ginn & Co. 

In the last issue of the MontHLy, we announced that Drs. Beman and Smith had 
written a Geometry and that something new along the line of Geometry might be expected. 
The book is now ready and we are quite sure that it will meet with public favor. It has a 
number of very strong points in its favor. Wecan only mention a few of these. (1) It in- 
vests the geometry of the Ancients with something of the spirit of Modern Mathematics; ° 
(2) Many terms that are not new but are rarely found in similar works have been freely used 
and thus the student is made familiar with a nomenclature that is very essential to the 
study of Modern Higher Mathematics ; (3) Methods of attack are suggested early, and at 
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the end of Book III. are treated with considerable fullness ; (4) Historical notes, which have 
a tendency to relieve the monctony of class routine and awaken interest in even the most 
stupid and indifferent student, are frequently inserted ; (5) A biographical table containing 
the names of forty-two mathematicians, Ancient and Modern, who have been instrumental 
in ee the course of Mathematics, is appended ; and (6), a table of Etymologies is also 
appended. 

sg The value of a table of Etymologies can not be over estimated. The student coming 
in contact with new terms will naturally be interested in the etymology, a study of which 
will fix the meaning in his mind. I helieve that it would have proved even more valuable 
had the etymology been given in connection with the term when it is used in the text. 

The principles of Duality and Continuity are illustrated and explained. The book 

contains 788 exercises for original work. The book is a most admirable one and we take 
pleasure in recommending it to any who are seeking a good text on — “— 


The Cosmopolitan. An International Illustrated Monthly Magazine. Ed- 
ited by John Brisben Walker. Price, $1.00 per year. Single number, 10 cents. 
Irvington-on-the-Hudson, New York. 

No one ever thought of introducing so expensive a feature as lithographic color work 
in the days when the leading magazines sold for $4.00. a year and 35 cents a copy. But 


times change, and the magazines change with them. It has remained for The Cosmopolitan, 
sold at one dollar a year, to put in an extensive lithographic plant capable of printing 
320,000 pages per day (one color). The January issue presents as 4 frontispiece a water- 
color drawing by Eric Pape, illustrating the last story by Robert Louis Stevenson, which 
has probably not been excelled even in the pages of the finest dollar French periodicals. 
The cover of The Cosmopolitan is also changed, a drawing of page length by the famous» 
Paris artist Rossi, in lithographic colors on white paper takes the place of the manilla back 
with its red stripe. Hereafter the cover is to be a fresh surprise each month. 


The Review of Reviews. An International Illustrated Monthly Magazine. . 
Edited by Dr. Albert Shaw. Price, $2.50 per year. Single number, 25 cents. 
The Review of Reviews Co., New York. 

During the closing weeks of 1895 the daily papers have published an extraordinary 
amount of interesting and important news. It is worth something to the busy newspaper 


reader to have this mass of information taken up, arranged, digested and reviewed in a calm 
and intelligent manner. The Review of Reviews performs this service very efficiently every 
month. The number for January, 1896, is especially strong in this respect. The editorial 
department called ‘‘The Progress of the World,” is distinguished for its able handling of 
national and international topics of the hour. In fact, the Review occupies a unique posi- 
tion as a truly “international magazine.”’ Its soundly ‘‘American’’ stand on the Venezue- 
lan question is significant. 


THE AMERICAN MATHEMATICAL MONTHLY’s Clubbing List : 
REGULAR PRICE. WITH MONTHLY. 


The Review of Reviews. $4.00 
American Journal of Education. 2.50 
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PORTRAITS (See Biographies). 
PROBLEMS, Unsolved, 
No. 46—Arithmetic, 57; No. 53—Algebra, 74; No. 33—Diophan- 
tion, 189; No. 14—Miscellaneous, 198, 
PROBLEMS (See Solutions). 
PERIODICALS 135-136, 172, 206-208, 249-251, 295-298, 341-342 
QUERIES AND INFORMATION— 
Answer to Trisection Problem, by Otto Clayton 247 
Answer to Trisection Problem, by David E. Smith 247 
Answer to ‘‘Reader’s’’ Query, by J. N. Lyle 248 
Answers to Queries in March number, Vol. I., by John N. Lyle. 372 
A Postulate of the Hypothesis of the Fourth Dimension, by J.N. 
Lyle 
A Query by J. H. Drummond 
Are Lobatschewsky’s Principles Applicable to Mechanics ? by 
Warren Holden 
A Reply to Prof. Whitaker, by H. W. Draughon 
Arthur Cayley, by G. B. Halsted 
Comments on Durege’s Theory of Functions 
Comments on Problem II, by W. F. Bradbury and L. E. Pratt. . 


880 
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Death of Prof. Arthur Cayley, by F. P. Matz 

Death of P. L..Tchebichef 

Definition of a Fraction, by H. W. Draughon, H. C. Whitaker, 

Dr. Halsted’s Latest Translation, by L. ‘Ez. Dickson 

Lambert’s Reasons for Holding that the Parallel-Axiom Needs 
Proof, by J. N. Lyle 

Note from Oscar Schmiedel 

Note from W. E. Heal 


Note on May Number of Monruty, by G. B. Halsted 

Notes on the Demonstration of Euclid’s Eleventh Axiom, by 
Warren Holden 

Papers for the Mathematical Congress at Kazan 

Prof. Scheffer’s Query. Answer by F. P. Matz 

Query as to Trisection of Angle with Rule and Compass, 7 W. 


Query by N. F. Davis 
Query from Reader 
Reply to Mr. Draughon, by H. C. Whitaker 
Russian Science Notes 
Space, by John N. Lyle 
The International Mathematical Congress, by G. B. Halsted.... 
The MontuHty in Spain 
“The Mysterious Formula,’’ by M. C. Stevens .' 
Those Astronomical Criticisms, by F. P. Matz 
Trisection of Angle and Duplication of Cube, by E..J. Goodwin. 
Wanted :—The Difference between Euclidean and Non-Euclidean 
Geometry, Etc 
SOLUTIONS AND PROBLEMS. 
ARITHMETIC. 
Association, Borrowing from Building and Loan (unsolved) 
Chain Suspended, to find sag, batter at ends, and tension 
Date and Day of Week, Problem in Finding 
Farm, A man bought, for $6000, and agreed to pay for it in four 
equal annual payments 
Garden in form of A with towers, to find length of ladder to 
reach top of each 
Horse, at what price sell and wait to gain a certain per cent 
Horse, to find per cent. gained in selling 
Interest, to find yearly rate.per cent under given conditions. . 
Jars, how much wine in each after repeated pourings 


. 337-338 


292-293 


60 


337,378 


338 
205 


247 


291-292 
169-170 
247 
169 
292 
337 


60 


381 
28-29 
29 
58 
337 
Note on Helmholtz’s Use of Terms ‘‘Surface’’ and ‘‘Space,’’ by 3 
205 
- 96 
171 
337 
337 
169 
95 
= 
74 
11 
226 
| 354 
227 
315 
«74 
115 
44 


382 


Merchant using ‘‘false’’ weights, losing ‘‘bad debts,’’ etc., to find rate per 
Money loaned at annual interest and partial payments made, to find 


Plums, how many to each competitor in a ‘‘scuffle”’............0e eee 
Room, cost to paper and dimensions given—to find cost of paper per roll 
Ship, to find part of purchase money paid by A and B............... 
Sing-Sing and Tarry-Town, mittens, kitten-cats, etc., met between...... 
Traveling, to find when C starts to meet A and B at common sie fiewen' 
Walking and riding to city and back, time to ride both ways.......... 
Wine merchant’s rate per cent. of profit on sales ...........0eeeeeees 
ALGEBRA, 
Algebraic equations, solved....... 46, 
Equation of nth degree, n<2, transformed into number of equations 
Equation, resolved into sum of two squareS......... 
Equation, to find algebraic relation of a and Din ...........00eeeeees 
Equation + + 5m?x+n=0, 
Expression, value to be proved equal 0 (unsolved)........-.+..+0+00% 
Horses, 2 and a mule—to find cost and selling price...............06 
Interest, intervals of compounding infinitely small.................6. 
Money loaned, required equal monthly payments in advance.......... 
Number, find number of 6 digits x first 6 natural numbers=same digits in 
Numbers, product of 2, each sum of 4 squares, expressed as sum of 4 
Quadratics, equation solved 
Segment, area and radius given—to find height................e+eee- 
Table, ways 12 friends of MonTHLy arranged 
Traveling, time and distance from starting point of 4—‘‘prize’’ problem 
Triangle, bisectors of acute angles of rt. A given—to find triangle. ..... 
Trigonometrical equation, solved 
Voting, number of possible states of 
GEOMETRY. 
Circle cutting another in two fixed points, common chord passing thro’ a 
Circle, find radius of circle circumscribing 3 tangent circles of given radii 


186 


315 
270 
115 

153 

43 

114 

152 

12, 738 
74 

74, 114 
269 

10 


116 


15 

75 

359 

359 

189 

271 

76 

317 
317-318 


13 


47 
272-274 
117 

75 

229 

361 

187 

154 

230 

155 


17 
275 


Note, to find face of discounted at bank ..... 
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Conic, inscribed in A, focus moving along straight line, locus of other 


Field, horse tied to circle 10-A. so as to graze over 1-A.—find length of 

Geometric proof of theorem of inscription of regular polygons......... 120 


Parallelogram, line through points of intersection of lines from 2 points 
on opposite sides of—to opposite vertices, divides it in 2 equal parts 50, 77 


Parallelopiped, find length of a diagonally inscribed into another...... 157 
Polygon of 37 sides, lowest equation upon which depends inscription of 49 
Quadrilateral, consecutive sides given and diagonals equal—to find them 


Rectangle, given 2 points and circumference with center O, to show that 
rectangle contained by OA and perpendicular from B on polar of A= 


rectangle by OB and perpendicular from A on polar of B........... 319 
Semi-circle, rectangle of given and of maximum area inscribed in...... 119 
Triangle, equilateral inscribed in circle, sum of squares of lines joining 

point in circumference to the vertices is constant .................. 318 
Triangle, proof of a geometrical problem in relationto................ 232 
Triangle, lines joining centers of equilateral As described on sides of a 

Triangle, if bisectors of 2 angles equal, A is isosceles ............ 157, 189-191 
Triangle, radius of circumference, in- and e-scribed circles of a A givén, 

CALCULUS. 

Cardioid, area of circumscribing square 122-124 
Catenary curve generates minimUM 198 . 
Cube, figure described by revolving on an axis, and volume........... 276, 322 
“Curve of Pursuit”—hound and hare........ 233, 290 
Dome, to find volume of dome with given data...................405. 322-324 
Earth, find at what latitude angle made by body falling to EF, with per- 

pendicular to surface, is greatest, and this angle ................... 51-52 
Field, B starts from center to circumference to catch A who runs around 

circumference, to find B’s distance and time.....................4. 80 
Hawk in pursuit of hen, required path and distance to catch hen ...... 82 
Projection on diameter of semi-circle in given case equals radius of circle 159 
Ship, maximum saving by sailing on arc of great circle instead of paral- 

lel of latitude and at what latitude..... 192 
Stage, at what distance from to sit and see to best advantage .......... 81 
“The Devil on Two Sticks’’ problem. 18-21 
‘‘The Cocked Hat’’ curve—the problem 362 


Turn-table, distance man walks who crosses while it revolves twice... . 364 


384 


Vessel, rate at which depth of water running into right conic frustum is 
increasing 

Volume in a calculus problem determined 

Wall, to find circumference of when 2 mules tied to outside and inside 
of same, and lengths of ropes + of circumference, together graze 1 A.. 


MECHANICS. 
Anchor-ring, moment of inertia about axis thro’ center of direct circle, 
and perpendicular to a plane 22, 53 
Balls, number of given mass and velocity in a confined space, into which 
other balls are introduced ; after a number of collisions when average 
kinetic energy of each is the same, to find its value in centm.—gram. 
280 
Cord, condition that a suspended hang in arc of a circle 194 
Density of strings, law of heap at edge of table that equal masses pass 
over in equal units of time 126, 161 
Deviation, eastward of bodies falling from great height ; 54, 83 
Equilibrium, a point of a harmonical mean in the given problem 236 
Iron bar, determine pressure upon floor and wall when leaning against 
Moon, initial velocity of old woman tossed 90 times as high 162 
Paraboloid, at what point of surface below intersection with a cylinder a 
heavy particle will rest , 127 
Perfectly elastic, but perfectly rough mass M and radius R 366 
Prismatic bar which snaps, to find result, angular velocity, and locus of 
parts at any time 195 
Rough circumference of a circle, P is the lowest point 366 
Sphere, ratio of electrical densities when initial velocity increased 279 
Sphere, when slide, roll, etc., on rough inclined plane 237 
Train, stopped by setting brakes—find velocity 238 
Triangle, course after reflection of body projected from angle of triangle 326 
Wheel and axle, mechanical problem relating to 195 
Wire, motion of movable wire in case of a finite moving and a perpen- 
dicular infinite, each carrying currents of electricity 326 


DIOPHANTINE ANALYSIS. 


Arithmetical progression, find 9 positive integral numbers in, the sum of 
whose squares = 0 ; and 9 integral square numbers whose sum is a 
square number 

Decompose into sum of two squares 175.735 

Diophantus’ epitaph 

Find 2 integral numbers, whose sum, difference, and difference of 
squares shall be a square, cube, and fourth power 

Find 3 positive integral numbers whose sum is a cube, and, the sum of 
any two less the third is a cube 
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Find 3 positive integral numbers such that product of first and sum of 


others = 0 and the sum of their cubes =O 196 
Formula for 5 integers sum of whose cubes is a cube...............+- 329 
Fraction, square fraction the arithmetical difference of terms a cube, and 

a cubic fraction arithmetical sum of whose terms = O............... 239 
Impossible to find 2 positive whole numbers such that each, and also 

sum and difference, less 25 
Numbers, 3 such that cube af any one+sum of squares of other two=a 

Parallelopiped, to find values of the 7 linear measurements ........... 329 
Prime factors, decompose in the number, 549755813889 .............. 369 
Prove that A+ B-+1 is a square in the given problem ................ 337 
Sixth powers, 3 different whose sum is a square (unsolved)........... 198 
Solve generally: Sum of the cubes of » consecutive numbers = 0.... 197 
of squares equal a square,”’ equation 285 
Sum of 2 fourth powers, decompose product 97.675.257 into........... 331 
Sum of 2 squares, decompuse into the product 5x 13x61............. 164 
Triangles, how many scalene of integral sides with altitude 12, how 

AVERAGE AND PROBABILITY. 
Average area of all right triangles having a constant hypotenuse....... 282, 327 
Average area of A formed by 3 perpendiculars from the sides of the A. 243 
Average volume common to cube and rectangular solid............... 90 
Circle, average area of circle which is locus of middle points of chords 

Field, probability that boy who runs from corner in random direction 

will be in fiéid at end of 1 minute. 200 
Melons, probability of taking a good one from patch ......... rawtehania 88, 165 
Polygon, chance that one of two n sides, thrown at random upon ruled 

Probability that distance of 2 random points in a convex area excels a 

Projectile, chance of its falling within a circular field................. 88, 166 
Roots, mean values of a given quadratic........2 87 
Surface, mean value of sum of distances of vertices of sides from any 

vertex of another on which it is 199 
Testimony, probability of concurrent, of A and B.................04. 131 
Triangles, average area of all that can be drawn perpendicular—sided 

Votes, probability that last count is correct ...............0ceeeee ees 201 

MISCELLANEOUS. 


Apples, to find number of boys who will eat (‘‘Iago’s’’ 


385 
problem)... 335 
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Center of gravity of plane surface, when sum of distances of point from 

all the other points is a minimum 
Chronometer runs down and is set again after a star passed my meridian, 

to find when it was set, my latitude and star’s declension given...... 204, 244 
Confocal conics, show that system is self-orthogonal 
County-seat, to determine most eligible point in county 
Cylinders, compute lengths of curves of intersection of two surfaces, 

when axes of 2 intersect at right angles 
Dog-Star and Sun, when rise together 204, 245, 286 
Helix traced on clyl., measures of curvature and tortuosity of a curve is 

constant 93 
Mirrors, walls, etc., covered with and candle placed within, to find form- 

ula to express all the images 
Moon’s disc, illuminated area when ¢ through first quarter 133, 167 
Paper-weight, no of spectra formed in a glass one in form of a regular 

icosahedron (unsolved) 57 
Ship’s log, cut from what kind of wood to float with c.g at water’s surface 287 
Soap-bubble, find thickness of film if just floats in air 56 
Spherical shrapnel-shell explodes curve bounding minimum surface on 

the earth upon which fragments fall 203 
Time of Thales, determine from data of problem ...............0.04- 288 
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